In this paper, we first obtain a sharp upper bound for the eigenvalues of the adjacency matrix of the line graph of a graph. Then this result is used to present a sharp upper bound for the Laplacian eigenvalues. Another sharp upper bound is presented also. Moreover, we determine all extreme graphs which attain these upper bounds. In last, two examples illustrate that our results are, in some sense, best.
Introduction
Let G = (V , E) be a simple graph with vertex set V (G) = {v 1 , . . . , v n } and edge set E(G). In 1985, Anderson and Morley [1] showed that
In 1997, Li and Zhang [7] gave an upper bound.
where
In 1998, Merris [9] presented an upper bound in term of average 2-degree.
where m(v) is the average of the degrees of the vertices adjacent to v, which is called average 2-degree of vertex v. In 2000, Rojo et al. [10] obtained an always nontrivial bound as follows:
where N(u) is the set of neighbor of u. In 2001, Li and Pan [6] showed that
In 2002, Shu et al. [11] gave an upper bound in terms of degree sequences. Assume that the degree sequence of
In this paper, we present two sharp bounds in terms of degree sequence and average 2-degree as follows:
where the maximum is taken over all pairs (u, v 
with equality if and only if G is bipartite regular or semi-regular.
The terminology and notations not defined may be found in [2, 4, 5] . The rest of this paper is organized as follows. In Section 2, we present a sharp upper bound for the largest eigenvalue of the adjacency matrix of the line graph of a graph in terms of degree and average 2-degree. This result is used, in Section 3, to provide proofs of Theorems 1.1 and 1.2. In Section 4, we compare our bounds with known bounds and two examples illustrate that Theorems 1.1 and 1.2 are, in some sense, best.
Eigenvalues of line graphs
In order to obtain a sharp upper bound for the largest eigenvalue of the adjacency matrix of the line graph of a graph, we need some lemmas.
Lemma 2.1. Let G be a simple connected graph. Then (i) The line graph H of G is regular if and only if G is regular or semi-regular. (ii) The line graph H of G is semi-regular and not regular if and only if G is a path of order 4.
Proof. It follows from Lemmas 3.4 and 3.5 in [12] . 
with equality if and only if X is row-regular or there exists a permutation matrix P
, where Y is row-regular and columnregular.
We are ready to present a sharp bound for the largest eigenvalue of the adjacency matrix of the line graph of a graph G.
Theorem 2.3. Let G be a simple connected graph and H be the line graph of G.

Then the largest eigenvalue of the adjacency matrix A(H ) of H satisfies µ(A(H )) max d(u)(d(u) + m(u)
− 4) + d(v)(d(v) + m(v) − 4) + 4 ,(10)
where the maximum is taken over all pair (u, v) ∈ E(G). Moreover, equality in (10) holds if and only if G is regular, or semi-regular, or a path of order 4.
Proof. It is easy to see that the e uv th row sum in A(H ) = (a e pq ,e xy ) is equal to r(e uv ) = d(u) + d(v) − 2, where e uv = (u, v) ∈ E(G) is an edge of G. Then
R uv (A(H )) = (e uv ,e pq )∈E(H ) a e uv ,e pq r(e pq )
= (u,q)∈E(G) r(e uq ) + (p,v)∈E(G)
r(e pv ) − 2r(e uv )
Hence it follows from Lemma 2.2 that (10) holds. Moreover, equality in (10) holds if and only if H is regular or semi-regular by Lemma 2.2. Therefore, by Lemma 2.1, equality in (10) holds if and only if G is regular, or semi-regular, or a path of order 4.
Remark 1. If we apply Lemma 2.2 to the nonnegative irreducible symmetric matrix
A(H ) + 2I , where I is the identity matrix of order |E(G)|, it is easy to obtain the following result by a similar argument.
Theorem 2.4. Let G be a simple connected graph and H be the line graph of G. Then the largest eigenvalue of the adjacency matrix A(H ) of H satisfies
µ(A(H )) max d(u)(d(u) + m(u)) + d(v)(d(v) + m(v)) − 2 ,(11)
where the maximum is taken over all pair (u, v) ∈ E(G). Moreover, equality in (11) holds if and only if G is regular, or semi-regular.
Laplacian eigenvalues of a graph
In order to obtain sharp upper bounds for the Laplacian eigenvalues, we need the following lemma from [11] .
Lemma 3.1. Let G be a simple connected graph and µ(A(H )) be the largest eigenvalue of the adjacency matrix of the line graph H of G. Then
with equality holding if and only if G is bipartite.
Now we are ready to provide proofs of Theorems 1.1 and 1.2.
Proof of Theorem 1.1. It follows directly from Theorem 2.3 and Lemma 3.1.
Similarly, we may get another bound by Theorem 2.4 and Lemma 3.1.
Theorem 3.2. Let G be a simple graph of order n. Then
where the maximum is taken over all pair (u, v 
) ∈ E(G). Moreover equality in (13) holds if and only if G is bipartite regular or semi-regular.
Proof. It follows from Theorem 2.4 and Lemma 3.1.
Proof of Theorem 1.2. Let x = (x(v), v ∈ V (G)) T be an eigenvector with ||x||
. By the Cauchy-Schwarz inequality, we have
Therefore, we have
Then there must exist a vertex u such that
. it follows that (8) holds. If G is bipartite regular or semi-regular, it is easy to see that equality in (8) holds by a simply calculation.
Conversely, if equality in (8) holds, it follows from the above proof that for each 
